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Abstract
The Poisson-Hopf analogue of an arbitrary quantum algebra Uz(g) is con-
structed by introducing a one-parameter family of quantizations Uz,~(g) depend-
ing explicitly on ~ and by taking the appropriate ~ → 0 limit. The q-Poisson
analogues of the su(2) algebra are discussed and the novel suPq (3) case is intro-
duced. The q–Serre relations are also extended to the Poisson limit. This ap-
proach opens the perspective for possible applications of higher rank q-deformed
Hopf algebras in semiclassical contexts.
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1 Introduction
Quantum groups were initially introduced as quantizations of Poisson-Lie groups asso-
ciated to certain solutions of the classical Yang-Baxter equation. In this context, the
deformation parameter were taken as q = ez, where z is the constant that governs the
noncommutativity of the algebra of observables given by the quantum group entries,
and quantum algebras were obtained as the Hopf algebra dual of quantum groups (for a
detailed discussion, see [1]-[5] and references therein). In the case of the transition from
classical to quantum physical models, the deformation parameter z was interpreted as
the Planck constant ~.
However, in more general contexts z is a parameter whose geometric/physical mean-
ing has to be elucidated for each particular case. In fact, quantum groups and quantum
algebras were soon considered as ‘abstract’ Hopf algebras (being both noncommutative
and noncocommutative) in order to explore whether these new objects can be consid-
ered as new symmetries of some physically relevant systems. The keystone of this
approach was the discovery of the suq(2) invariance of the Heisenberg spin XXZ chain
[6, 7], that was followed by a number of results exploiting quantum algebra symmetries
in two-dimensional models [8]. Indeed, in the XXZ chain the ‘quantum’ deformation
parameter q is neatly identified with the anisotropy of the chain, which is completely
independent of the (truly quantum) ~ constant. And the same independence with
respect to ~ can be traced in many other physical applications of quantum algebras
and groups, like for instance lattice systems (where q is related to the lattice length)
[9, 10], deformations of kinematical symmetries (in which the deformation parameter
is a fundamental scale, see [11]–[15] and references therein), effective nuclear models
[16, 17], etc.
The aim of this paper is to introduce a mathematical framework for quantum alge-
bras in which both the deformation parameter z = log q and the Planck constant ~ are
independently and simultaneously considered. This approach is described in section 2,
where for any quantum algebra Uz(g) we construct a one-parameter family of equiva-
lent quantizations Uz,~(g) that depends explicitly on both ~ and z. Then, a q-Poisson
Hopf algebra is obtained as the ~ → 0 limit, thus obtaining -as in the Lie case- a
proper classical-mechanical limit of quantum systems endowed with an arbitrary quan-
tum algebra symmetry. This approach can be interesting to construct new (classical)
integrable systems having a parameter (z) that can control their dynamical behaviour.
In section 3 the method is illustrated by applying it to the quantum deformations
of su(2), considering both the standard and the non-standard ones. In this elementary
case the q-Poisson Hopf algebras obtained as the ~ → 0 limit look to be formally
identical to the original quantum algebras. The case of su(3), fully described in section
4, is the first non-trivial one since by starting from the quantum algebra Uz,~(su(3)) we
obtain a q-Poisson su(3) algebra (that we shall call suPq (3)) which is quite different from
the former. To the best of our knowledge, this is a new q-Poisson Hopf algebra that
could be used, for instance, in order to construct integrable deformations of higher rank
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classical Gaudin models [18]-[21] by using the approach presented in [22] or to consider
the semiclassical limit of the Uz(su(3)) dynamics from the viewpoint of [23]. With this
in mind, the explicit form of the two Casimir functions for suPq (3) are explicitly found.
A concluding section closes the paper, in which the Poisson analogue of the q-Serre
relations for higher rank q-Poisson Hopf algebras is consistently defined.
2 Quantum algebras and Poisson-Hopf limit
Let us recall that a Lie bialgebra (g, δ) is a Lie algebra g
[Xi, Xj] = f
k
ij Xk (1)
together with a cocommutator map δ : g → g ⊗ g given by
δ(Xi) = c
jk
i Xj ⊗Xk (2)
such that cjki defines a (dual) Lie algebra and fulfills the appropriate compatibility
condition (see [4, 5] for details).
Given an arbitrary Lie bialgebra (g, δ) the quantum algebra (Uz(g),∆z) (that is
obtained through the analytic procedure described in [24, 25]) is the Hopf algebra
deformation (Uz(g),∆z) of the universal enveloping algebra of g, U(g), compatible
with the deformed coproduct ∆z(X) whose leading order terms are
∆z(X) = ∆0(X) + z δ(X) + o[z
2].
Let us now consider the one-parameter family of equivalent Lie bialgebras (g~, δ)
defined by (2) and
[Xi, Xj] = ~ f
k
ij Xk. (3)
Note that when ~ = 1 we recover the original commutation relations (1). If we quan-
tize (g~, δ) by using the method described in [25] we obtain the two-parameter quan-
tum algebra (Uz,~(g),∆z,~), that depends explicitly on ~. Then, the Poisson limit
(~ → 0) of (Uz,~(g),∆z,~) can be uniquely defined and gives the Poisson-Hopf algebra
(Fun(gz),∆
P
z ). This q-Poisson algebra is just a Poisson-Lie structure on the group gz
whose Lie algebra is determined by the dual δ∗ of the Lie bialgebra map (2), i.e., by
the structure tensor cjki (see [4, 5]). The Poisson bracket on Fun(gz) is given by
{X, Y } := lim
~→0
[X, Y ]
~
(4)
and the coproduct map
∆Pz (X) := lim
~→0
∆z,~(X) (5)
is a Poisson algebra homomorphism between Fun(gz) and Fun(gz)⊗ Fun(gz).
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If we deal with non-deformed Lie algebras, its coproduct is the primitive one and
the commutation rules are linear: thus the Poisson limit (4) and (5) leads to the same
formal structure where commutation rules have been just replaced by Poisson brackets.
On the contrary, quantum algebras introduce nonlinear functions of the generators both
at the level of the commutation rules and of the coproduct. This implies that the q-
Poisson structure given by the limit ~ → 0 can be formally different to the original
quantum algebra structure. In fact, such limit allows us to remove contributions in the
deformation that arise as reordering terms, as shown in the following sections.
Summarizing, in this paper we introduce the following commutative diagram
(U(g),∆0)
~=1
←−−−−− (U~(g),∆0)
~→0
−−−−−−→ (Fun(g),∆P0 )xz→0 xz→0 xz→0
(Uz(g),∆z)
~=1
←−−−−− (Uz,~(g),∆z,~)
~→0
−−−−−−→ (Fun(gz),∆
P
z )
where we focus on the lower right corner, (Fun(gz),∆
P
z ), that we define in a constructive
way by starting from any Lie bialgebra. This general approach is illustrated in the
following sections through the suq(2) and suq(3) examples. In particular, the q-Poisson
algebra presented in section 4 is, to the best of our knowledge, the first example of a
Hopf algebra deformation of the Poisson su(3) algebra.
3 q-Poisson-Hopf algebras related to su(2)
In the su(2) case, two well known quantum deformations do exist: the standard one
[26, 27] and the non-standard (or Jordanian) deformation (see [28]). As we shall see in
the sequel, their corresponding q-Poisson Hopf algebras are formally equivalent to the
quantum algebras from which they have been obtained.
3.1 Standard q-Poisson algebra suPq (2)
The su(2) commutation rules are
[F12, F21] = 2H [H,F12] = F12 [H,F21] = −F21 (6)
where H = (H1 −H2)/2. The standard su(2) Lie bialgebra is given by
δ(H) = 0 δ(F12) = H ∧ F12 δ(F21) = H ∧ F21. (7)
The well-known quantum algebra deformation of (6) and (7) reads
[F12, F21] =
sinh(2 z H)
z
[H,F12] = F12 [H,F21] = −F21 (8)
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∆z(H) = H ⊗ 1 + 1⊗H
∆z(F12) = e
z H ⊗ F12 + F12 ⊗ e
−z H (9)
∆z(F21) = e
z H ⊗ F21 + F21 ⊗ e
−z H
Now if we consider the ~-parameter Lie algebra
[F12, F21] = 2 ~H [H,F12] = ~F12 [H,F21] = −~F21 (10)
we would obtain a quantization in which the coproduct (9) does not formally change,
but we have
[F12, F21] = ~
sinh(2 z H)
z
[H,F12] = ~F12 [H,F21] = −~F21 (11)
As a consequence, the ~-deformed Casimir operator is shown to be
Cq =
sinh2(zH)
z2
cosh(z~) +
1
2
[F12 , F21]+
=
sinh(zH)
z
sinh z(H + ~)
z
+ F21 F12 =
sinh(zH)
z
sinh z(H − ~)
z
+ F12 F21
(12)
where the role of ~ can be easily appreciated.
We stress that if we perform the following substitution
H → ~H z → z/~ F12 → ~F12 F21 → ~F21
the parameter ~ can be reabsorbed and we get just the standard expressions (8) and
(9), thus confirming that the quantum algebra Uz(su(2)) depends on only one essential
parameter. However, since the limit ~ → 0 does not commute with this mapping, the
~ parameter is essential in order to define the proper q-Poisson algebra.
As a result, the q-Poisson algebra suPq (2) ≡ (Fun(gz),∆
P
z ) is obtained as the com-
mutative algebra of functions endowed with the Poisson bracket and coproduct map
coming, respectively, from the limits (4) and (5). Namely,
{F12, F21} =
sinh(2 z H)
z
{H,F12} = F12 {H,F21} = −F21 (13)
∆Pz (H) = H ⊗ 1 + 1⊗H
∆Pz (F12) = e
z H ⊗ F12 + F12 ⊗ e
−z H
∆Pz (F21) = e
z H ⊗ F21 + F21 ⊗ e
−z H
(14)
which is indeed a Poisson-Hopf algebra, as it can be checked by direct computation.
Finally, a unique q-deformed Casimir function is obtained from (12) as
CPq = lim
~→0
Cq =
1
z2
sinh2(z H) + F12 F21.
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3.2 Non-standard q-Poisson suPns(2)
The same procedure can be applied to the non-standard deformation of su(2). Explic-
itly, the non-standard ~-parameter Lie bialgebra would be given by (10) and
δ(F12) = 0, δ(H) = H ∧ F12, δ(F21) = F21 ∧ F12. (15)
The corresponding quantum algebra is [28]
[H,F12] = ~
sinh(zF12)
z
[F12, F21] = 2 ~H
[H,F21] = −
~
2
(F21 cosh(zF12) + cosh(zF12)F21)
∆z,~(F12) = 1⊗ F12 + F12 ⊗ 1
∆z,~(H) = e
−zF12 ⊗H +H ⊗ ezF12
∆z,~(F21) = e
−zF12 ⊗ F21 + F21 ⊗ e
zF12
whose Casimir operator reads
Cns = H
2 +
1
2
(
sinh z F12
z
F21 + F21
sinh z F12
z
)
+
~
2
4
cosh2(z F12). (16)
Now, by performing the same ~ → 0 limit given by (4) and (5) we get the non-
standard q-Poisson-Hopf algebra suPns(2)
{H,F12} =
sinh(zF12)
z
{F12, F21} = 2H
{H,F21} = −F21 cosh(zF12) (17)
∆Pz (F12) = 1⊗ F12 + F12 ⊗ 1
∆Pz (H) = e
−zF12 ⊗H +H ⊗ ezF12 (18)
∆Pz (F21) = e
−zF12 ⊗ F21 + F21 ⊗ e
zF12
And the Casimir function is
CPns = H
2 +
sinh(z F12)
z
F21 (19)
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4 The q-Poisson suPq (3) algebra
In this case we will refer to [29, 30], where the standard deformation of su(3) is obtained
by starting from the Weyl-Drinfeld basis of the bialgebra where all roots are well
defined. In this way a complete description of the whole structure for uq(3) ≡ suq(3)⊕
u(1), real form of Aq2 ⊕ A1, is obtained. In this basis, the explicit commutation rules
for su(3) are (i, j, k = 1, 2, 3):
[Hi, Hj] = 0,
[Hi, Fjk] = ~ (δij − δik)Fjk,
[Fij, Fkl] = ~ (δjkFil − δilFkj) + ~ δjkδil(Hi −Hj).
(20)
The canonical Lie bialgebra structure is determined by the cocommutator:
δ(Hi) = 0,
δ(Fij) =
1
2
(Hi −Hj) ∧ Fij +
∑j−1
k=i+1 Fik ∧ Fkj (i < j),
δ(Fij) =
1
2
(Hj −Hi) ∧ Fij −
∑i−1
k=j+1Fik ∧ Fkj (i > j).
(21)
4.1 The quantum algebra Uz,~(su(3))
By making use of the quantization approach described in [25] onto the canonical Lie
bialgebra structure (20)-(21), a long but straightforward computation gives rise to the
following coproduct:
∆z,~(Hi) = Hi ⊗ 1 + 1⊗Hi
∆z,~(F12) = e
z (H1−H2)/2 ⊗ F12 + F12 ⊗ e
−z (H1−H2)/2
∆z,~(F23) = e
z (H2−H3)/2 ⊗ F23 + F23 ⊗ e
−z (H2−H3)/2
∆z,~(F21) = e
z (H1−H2)/2 ⊗ F21 + F21 ⊗ e
−z (H1−H2)/2
∆z,~(F32) = e
z (H2−H3)/2 ⊗ F32 + F32 ⊗ e
−z (H2−H3)/2
∆z,~(F13) = e
z (H1−H3)/2 ⊗ F13 + F13 ⊗ e
−z (H1−H3)/2
+
2
~
sinh(z ~/2) (ez (H2−H3)/2 F12 ⊗ e
−z (H1−H2)/2 F23
− ez (H1−H2)/2 F23 ⊗ e
−z (H2−H3)/2 F12)
∆z,~(F31) = e
z (H1−H3)/2 ⊗ F31 + F31 ⊗ e
−z (H1−H3)/2
+
2
~
sinh(z ~/2) ( ez (H2−H3)/2 F21 ⊗ e
−z (H1−H2)/2 F32
7
− ez (H1−H2)/2 F32 ⊗ e
−z (H2−H3)/2 F21).
Concerning the deformed commutation rules, the ones in which the elements of the
Cartan subalgebra are involved will remain undeformed with respect to (20). The
remaining ones are found to be:
[F12, F23] = ~F13 [F32, F21] = ~F31
[F12, F13] =
4
~
(sinh
z~
2
)2 F12 F23 F12 [F13, F23] =
4
~
(sinh
z~
2
)2 F23 F12 F23
[F31, F21] =
4
~
(sinh
z~
2
)2 F21 F32 F21 [F32, F31] =
4
~
(sinh
z~
2
)2 F32 F21 F32
[F23, F21] = 0 [F12, F32] = 0
[F12, F21] = ~
sinh(z (H1 −H2))
z
[F23, F32] = ~
sinh(z (H2 −H3))
z
[F13, F21] = −
2
z
sinh
z~
2
cosh(z (H1 −H2 +
~
2
)) F23
[F13, F32] =
2
z
sinh
z~
2
cosh(z (H2 −H3 +
~
2
))F12
[F12, F31] = −
2
z
sinh
z~
2
cosh(z (H1 −H2 −
~
2
))F32
[F23, F31] =
2
z
sinh
z~
2
cosh(z (H2 −H3 −
~
2
))F21
[F13, F31] = ~
sinh(z (H1 −H3))
z
+
2
z~
(sinh
z~
2
)2 sinh(z (H1 −H2)) [F23, F32]+
+
2
z~
(sinh
z~
2
)2 sinh(z (H2 −H3)) [F12, F21]+
4.2 The Poisson-Hopf limit
If we compute the limits (4) and (5) of the above expressions we get the following
Poisson-Hopf algebra suPq (3) with coproduct
∆Pz (Hi) = Hi ⊗ 1 + 1⊗Hi, i = 1, 2, 3
∆Pz (F12) = e
z (H1−H2)/2 ⊗ F12 + F12 ⊗ e
−z (H1−H2)/2
∆Pz (F23) = e
z (H2−H3)/2 ⊗ F23 + F23 ⊗ e
−z (H2−H3)/2
∆Pz (F21) = e
z (H1−H2)/2 ⊗ F21 + F21 ⊗ e
−z (H1−H2)/2
∆Pz (F32) = e
z (H2−H3)/2 ⊗ F32 + F32 ⊗ e
−z (H2−H3)/2
∆Pz (F13) = e
z (H1−H3)/2 ⊗ F13 + F13 ⊗ e
−z (H1−H3)/2
+z (ez (H2−H3)/2 F12 ⊗ e
−z (H1−H2)/2 F23
8
− ez (H1−H2)/2 F23 ⊗ e
−z (H2−H3)/2 F12)
∆Pz (F31) = e
z (H1−H3)/2 ⊗ F31 + F31 ⊗ e
−z (H1−H3)/2
+z ( ez (H2−H3)/2 F21 ⊗ e
−z (H1−H2)/2 F32
− ez (H1−H2)/2 F32 ⊗ e
−z (H2−H3)/2 F21)
The deformed Poisson brackets are:
{Hi, Hj} = 0, {Hi, Fjk} = ~ (δij − δik)Fjk,
{F12, F23} = F13 {F32, F21} = F31
{F12, F13} = {F12, {F12, F23}} = z
2 F 212 F23 {F13, F23} = {{F12, F23}, F23} = z
2 F 223 F12
{F31, F21} = {{F32, F21}, F21} = z
2 F 221 F32 {F32, F31} = {F32, {F32, F21}} = z
2 F 232 F21
{F23, F21} = 0 {F12, F32} = 0.
{F12, F21} =
1
z
sinh(z (H1 −H2)) {F23, F32} =
1
z
sinh(z (H2 −H3))
{F13, F21} = − cosh(z (H1 −H2)) F23 {F13, F32} = cosh(z (H2 −H3))F12
{F12, F31} = − cosh(z (H1 −H2))F32 {F23, F31} = cosh(z (H2 −H3))F21
{F13, F31} =
sinh(z (H1 −H3))
z
+z sinh(z (H1−H2)) F23 F32+z sinh(z (H2−H3)) F12 F21
The fact that ∆Pz is a Poisson algebra homomorphism between su
P
q (3) and su
P
q (3) ⊗
suPq (3) can be proven by direct computation.
4.3 Casimir functions
In the case of the quantum algebra Uz,~(su(3)) the problem of finding its q-deformed
Casimir operators is a quite difficult one (see for instance the construction for the
Uq(sl(3)) ones given in [31]). Nevertheless, the corresponding central functions in the
case of suPq (3) can can be obtained by direct computation. The explicit form for the
deformed ‘second order’ Casimir function is
CPz =
1
z2
(
sinh2
z(H1 +H2 − 2H3)
3
+ sinh2
z(H1 +H3 − 2H2)
3
+ sinh2
z(H2 +H3 − 2H1)
3
)
+2F12 F21 cosh
z(H1 +H2 − 2H3)
3
+ 2F23 F32 cosh
z(H2 +H3 − 2H1)
3
+ 2F31 F13 cosh
z(H3 +H1 − 2H2)
3
+ 2 z (F12 F23 F31 + F21 F32 F13) sinh
z(H3 +H1 − 2H2)
3
+ 2 z2 F12 F21 F32 F23 cosh
z(H3 +H1 − 2H2)
3
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The ‘third order’ one reads:
DPz = −
1
z3
sinh
z(H1 +H2 − 2H3)
3
sinh
z(H1 +H3 − 2H2)
3
sinh
z(H2 +H3 − 2H1)
3
+
1
z
F12 F21 sinh
z(H1 +H2 − 2H3)
3
+
1
z
F23 F32 sinh
z(H2 +H3 − 2H1)
3
+
1
z
F31 F13 sinh
z(H3 +H1 − 2H2)
3
+ (F12 F23 F31 + F21 F32 F13) cosh
z(H3 +H1 − 2H2)
3
+ z F12 F21 F32 F23 sinh
z(H3 +H1 − 2H2)
3
These two expressions can be useful in two different directions. Firstly, as the building
blocks for the construction of integrable deformations of su(3) classical spin chains
through the formalism given in [22]. Secondly, as a first-order guide to construct the
q-deformed Casimir operators for the quantum algebra Uz,~(su(3)) having in mind the
analysis of the corresponding q-deformed mass formulae [32].
5 Conclusions
The algebraic structures presented in this paper illustrate the full ‘hierarchy of com-
plexity’ that Hopf algebras provide: quantum algebras Uz,~(g) would be the richest and
most complex structures (both non-commutative since ~ 6= 0 and non-cocommutative
since z 6= 0), the q-Poisson algebras would be somehow intermediate (being com-
mutative and non-cocommutative) and the Lie algebras would be the ‘simplest’ ones
(non-commutative and cocommutative).
In this context, the procedure to obtain a q-Poisson analogue of a given quantum
algebra is canonically defined. Firstly, one goes from Uz(g) to Uz,~(g) by constructing
analytically the deformation from the very beginning and by taking into account ex-
plicitly both parameters (~, z). At first sight, this two-parameter deformation seems
to be irrelevant since for any finite value of ~, by using the Lie algebra automorphism
X → ~X and by transforming the deformation parameter as z → z/~, the quantum
algebra (Uz,~(g),∆z,~) can be converted into (Uz(g),∆z). However, in order to obtain
the Poisson analogue, one has to perform the ~→ 0 limit that does not commute with
this automorphism and gives rise to the right result. Note that this procedure is quite
similar to the well known contraction theory of quantum algebras [33].
With respect to the Poisson limit (4) and (5) we would like to stress that it is
essential to write the quantum algebra in terms of commutation rules, and not by
making use of q-commutators, since the Poisson limit of the latter is not well-defined.
This fact did not allow in the past the construction of q-Poisson analogues for algebras
of rank greater than one. However, the analytical bases approach presented in [24, 25]
provides a quantization framework based on pure commutators, thus leading to a well-
10
defined Poisson limit for arbitrary quantum algebras. Hence, analytical bases looks to
have a privileged connection with the semiclassical limit.
On the other hand, quantum deformations of simple Lie algebras are usually de-
scribed by means of their simple root generators Xi together with their q-Serre rela-
tions. Indeed, this approach simplifies the mathematical scheme as it does not make
use of the non simple root generators, even if the latter are necessary in the physical
applications due to their role as independent symmetries (see, for instance [11]–[15]).
However, the q-Serre relations can be rewritten in terms of commutators (see [29, 30])
and, after introducing explicitly the ~ parameter they read
[Xi, [Xi, Xj]] = 4 sinh
2 z~
2
XiXjXi if aij = −1,
[Xi, Xj] = 0 if aij = 0.
(22)
Therefore, the corresponding q-Poisson-Serre relations in the limit ~ → 0 can be con-
sistently defined as
{Xi, {Xi, Xj}} = z
2 X2i Xj if aij = −1,
{Xi, Xj} = 0 if aij = 0.
(23)
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